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General Instructions.

o Check that this Examination Question booklet has pages 1 —7 and you
have been given a blank Answer booklet for writing your answers. Do not
start writing until instructed to do so by the invigilator.

e This examination has 2 parts. Part T carries 20 marks of compulsory
questions. In Part I, you must answer 4 out of 7 questions, each carrying
20 marks.

s Iill in your Name and Roll Number on the small slip attached to the
Answer booklet. Do not write this information anywhere else in this boolklet.

- » The candidature of anyone [ound engaging in illegal examination prac-
tices will be cancelled.
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PART 1

This compulsory part consists of 10 multiple choice questions.
For each of them, indicating the correct answer in your Answer
booklet will give you 2 marks, indicating a wrong answer will
deduct 2/3rd of a mark, and not giving any answer will give a
zero mark.

A. If the statement “There exists a legislature and a party such that every
legislator in that party pays taxes.” is false, then which of the following
statements must he true?

(a) In every legislature and every party, all legislators do not pay taxes.

(b) Therce extsts a legislature such that every legislator in every party
does not pay taxes.

(c) In every legislature, there exists a party and a legislator in that party
who does not pay taxes.

(d) In every legislature and every party, there exists a legislator who does
not pay taxes. '

B.If f: " — N is twice differentiable, concave and homogeneous of degree
I, then the Hession matrix of [ is

(a) negative definite

(b) positive definite

(¢) singular

(d) non-singulay

C.If [ Ry — Ris defined by fz) = j;z et dt, then the derivative of f at
x> 018

D. The sequence (z,), where &, = (—=1)*(1+n Y andn=1,2,. .,
(a) converges to 1
(b) converges to —1
(c) converges to 1 and —1
(d) converges to neither 1 nor —1




E. The set NP, (=1 —n~' 1 +n1) is identical to
(a) (_ls 1]
(b) [_Ia 1)
(¢) (-1,1)
(d) [AI) 1]

F. For z,y € ?*, let d(x,y) = max{|z; —wf [ i = 1,....n}. Which of the
following relations holds for all z,y,z € &7

(a) d(z,z) = dz,y) + d{y, 2)

(b) dlz,2) > d(z,y) + dly, 2)

(¢) d(z, 2} = dla,y) + d(y, 2)

(d}) dx, 2) < d{x, y) + d{y, z)

G. Given sets X,Y, let X xY = {(z,y) | € X and y € Y} and let
X—=Y={eveX|xzgY} Which of the following forinulae is gencrally
correct for sets A, B and C7

() (A-B)x C=(BxC)-(AxC)

MA-B)xC=(AxC)-(BxC)
)(A-B)xC=(AxC)-B
{){A-B)xC=A-(Bx(C)

H. The average travel time to a distant city is w hours by train or z howrs by
bus. A man cannot decide whether to take the train or the bus, so he tosses
acoin. What, is his expected travel time?

(a) 2(w + 2)

(b) 2(w -+ =)/ (w — 2)

(¢} (w+2+2)/2

(d)None of the above

1. The coefficient of 2 in the polynomial
{(I-z){1+2z)(1 —32)...(1+ 14x)(1 ~ 15z} is

{(ay =121
(b) —191
(c) ~255
(d) —201



J. A continuous random variable has the probability density function f(z) =
1/3, for o between -1 and +2, and {} clsewhere. lts mean, variance and
median are:

(a) (1,3/4,1/2)

(b)(1/2,3/4,1/2)

(c) (1/2,1,1)

(d) (1/2,1,1/2)

PART 1I

Answer any 4 of the 7 questions below. Each question is worth
20 marks.

1. Compute the required probabilities in each of the following cases:

(a) Consider two events A and B such that Pr{A) = and Pr(B) =
3. Determine the value of Pr(BA¢) for each of the following con-

ditions:

_ Lo Aand B are disjoint
. AcCh

iii, Pr(AB)=}.

(b) If four dice are rolled, what is the probability that each of the four
nunibers that appear will be different?

(c) A deck of thoroughly shuffled cards is dealt out to 4 players, 50
that each of them receive 13 cards. What is the probability that
each player will receive exactly one ace?

(d) Consider an experiment where the sample space contains four out-
comes {sy, 82, 83,51}, and suppose that the probability of each

outcome 18 % Let the three events 4, B and ¢ be defined as

follows:
A= {51,580}, B= {51,835} and C = {51, 84}

Are these events independent? Are they pairwise independent?
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(e)

(a)
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In the city of Delhi, 50% of eligible voters most prefer the Congress
Party, 30% most prefer the BJP, and the remaining 20% most
prefer other parties. It turns out that 82% of those that most
prefer the Congress, 65% of those that most prefer the BJP, and
half of the third group voted in the last election. If a citizen
(eligible to vote) is picked at random, and it is found that he
did not vote in the last election, what is the probability that the
Congress is his/her most preferred party?

Suppose that a fire can occur at any one of five points along a
road. These points are given by {-3,-1,0,1,2} and the probabilities
associated with these five points are given by {.2,.1, .1, 4, .2}. At
what point along the road should a fire engine wait to minimize
the expected value of the square of the distance that it must travel
to the next fire?

Suppose that the random variables X, ... X, form a random sam-
ple from a Bernoulli distribution for which the paramcter # is
unknown (0 < 8 < 1). Consider the observed values z,,...2,,
where each z; 15 either 0 or 1:

i. Write down*the likelihood function for the sample.
ii. Use this to compute the maximum likelihood estimate of 6.

Suppose a point in the zy plane is chosen at random from the
interior of a circle for which the equation is =2 + ¢y* = 1; and
suppose that the probability that the point will belong to any
region inside the circle is proportional to the area of that region.
Let Z denote a random variable representing the distance from the
center of the circle to the point. Find and sketch the distribution
function of Z.

3. Imagine that you are to sample from a uniform distribution on the

(8)

interval (0, 8}, where the value of 9 is unknown. You would like to test
the hypothesis Hy : @ = 1 against the alternative H; : § = 2. Denote
by «, the probability of rejecting the null hypothesis when it is true,
and 8 the probability of not rejecting it when it is false.

For a sainple of size n = 1, find a test procedure for which a = 0
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and A is minimized, given this value of o, What is the valne of 3
m this case?

() For asample Xy, Xq,... X, of size n, what is the minimum vahe
of # that can be attained among all procedures for which o = 07

Consider the vector space R”, with the Euclidean norm || || A point @
is said to be a closure point of a set P (P C ™) if for all € > 0, there
exists a point p € P such that [l — p|| < e. The set of all closure points
of P is called the closure of P and denoted P.

A point z is said to be an anderior pownt of aset P2 1f there 1s an open
hall contred at e that is contained entirely in 2. The set of all interior
points of I is denoted wt{(1?).

A set P is said to be convexif for every {x,y,t) snch that r € PP,y € PP
and ¢ € {0, 1], it is true that tx + (1 —~ )y € P.

(a} Lot P C W7 Show that PP = . (r.c., the closure of P equals the
closure ol P). .

() Let 2 € R be s convex set. Show that int(P) is a convex set.

(o) Let (i, 0] and [¢, d] be nonenmpty closed intervals in N. Lot
f b x {e,d) — R be a continuous function defined on the
rectangle [a,b] x [¢,d]. Define a function g : {a,b] — R as follows.
For every a € [, 8], let gla) = maz{[{z, )|y € [e.d]}. Show that
¢ i5 o continuous himetion, .

(b)Y An ordered par (a,b) of two objects @ and b is defined to be the
set {{a}, {a,b}}. Show that for any two ordered pairs (a,b) and
(a' B, (n. b} = {a’, V') if, and only if, a = a and b = b ’

(a) Show that for a sequence {a,} ol real nmmbers o be w Canchy
sequence, it is necessary, but not suflicient that |zm,q — 2] con-
varges to zoro.

(h) Let X be annox k real matrix, with & < n. Let 2{X) be the range
space of X, 1.e., the space of all linear combinations of the colunins
of X. Let BYH(X) = {w € R we =0, forall z € R(X}}. (In

terms of coordinates, w = (wy, ..., w), 7 = {21, .., Zn), S0 w2 18
1 3 1 (WS i ¥ 1 1
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defined to equal ¥ | w;z;). Show that if Rank(X) = k, then the
subspace R*(X) has dimension (n-k)

7. (a) Show that the eigenvalues of the partitioned matrix

Al C
0 b
(where A and B are square submatrices and 0 is a submatrix of
zeros), are the eigenvalues of 4 and .
(b} Suppose A C R2, and let B C R be defined by
B={xeR(x,y) € A for some y € N}

Prove, or provide a counterexample to, the statement:“If A is o
closed set in R? then 7 is a closed set in R



